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1. ALGEBRA

Quadratic Equation
For the equation ax’ +bx+c =0,

~bt+b* —4ac

x:
2a

Binomial expansion
@+by =a +| b+ " lam bt k| e b,
1 2 r

ny  n _n(n=1)..(n-r+1
r) r!(n—r)!_ r!

where 7 is a positive integer and [

2. TRIGONOMETRY

Identities
sin? A+cos? A=1

sec? A=1+tan* 4

cosec’4=1+cot’ 4
sin(A4+ B) = sin Acos B + cos Asin B
cos(4+ B) = cos Acos B+ sin 4sin B

tan(4 £ B) = tan4 +tan B
- 1F tan Atan B

sin2A =2sin Acos A

cos2A4 =cos? A—sin> A=2cos’> A—-1=1-2sin’> 4

tan2A4 =_33“_;4_
1-tan” 4

Formulae for AABC
a b c

sind sinB _sinC
a® =b* +c¢* —2bccos 4

A =—l—absinC
2
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3

1 The curve has the equation y =x>~4x+7.

A line with gradient 1 is a tangent to the curve.
Find the equation of the tangent line. [3]

Y s Ml
dx

2x~4 =1
x=25,y=3.25[Ml]
y—-325=1x-2.5)
y=x+0.75 [Al]

2 Find the set of values of the constant p for which the curve y = px* +(p—2)x+5 lies entirely
above the x-axis. [5]

p>0[Bl1]

(p—2)" -4(p)5) <0 [M1]

p’-24p+4<0

Use of quadratic formula [M1]
Critical Points: p =12+ 2435 M1]

12-2435 < p<12+24/35 [A1]
0.168< p<23.8

I
0.168 23.8
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cot’ O —tan’ @

3 (a) Prove that =co0s20.

(1 +tan? 0)(1 +cot? 9)

cos’f sin’@

__sin’d cos’d
LHS = (8602 9)(cosec20) (M1]

cos* @—sin* @
22 2

— Slil HCOS 10 [Ml]

—_x [

cos’@ sin’@
_ cos* @ —sin* 6 y cos® Bsin’ 6

sin?@cos* 8 1
=cos*@—sin* @
= (cos2 @ —sin® t9)(cos2 0 +sin’ 49) [M1]
=(cos 26’)(1)

=cos 26 [Al]

[MI]
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(co‘c2 6 —tan® 0)(25in 20)

3 (b)  Hence, solve the equation
1 (1+tan2 0)(1+cot2 6)

=0.75 for ~90°<0<90°.  [5]

(cot2 0 —tan’ 6)(2sin 20)
(1 +tan® 9)(1 +cot? 9) B
2sin28cos260 =0.75 [M1]
sin46 = 0.75 [M1]
a =sin"' (0.75) = 48.59037789° [M1]
40 =48.5903,-311.4096,131.4096,-228.5903 [M1]
0=-77.9°,-57.1°,12.1°,32.9° [Al]
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4 The line y — x = 5 intersects the curve x* +xy + y* =91 at two points.
Find the coordinates of these two points. [5]

y=x+5

X +x(x+5)+(x+5) =91 [MI]

x*+ x> +5x+x +10x+25-91=0

3x> +15x—66=0 [M1]

x*+5x-22=0

Using Quadratic Formula, [B1]

x=2.82 or —7.82 [Ml1]

(2.82, 7.82) or (-7.82, - 2.82) [Al]
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. X +4
5 The function fis defined for x > 0 by f(x)= T
x+
2
(3  Find £'(x) in the form 2% _t2%*¢ 2]
(x+1)
, (x+1)(2x)-(x*+4)(1
fx)= A (2 )( ) (M1]
(x+1)
2 p—
(x + 1)
(b)  Hence determine the values of x for which f'is increasing. [4]

For fto be increasing, f'(x) must be > 0.

Since, (x+1)*> 0 for all real values of x, then to solve x* +2x—~4> 0. [B1]

Show use of quadratic formula [B1]
Critical Points: x =—3.24 or 1.24 [M1]

x<-3.24 orx>1.24 {Al]
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6 A balloon is being inflated such that its volume increases and the radius, » cm of the balloon,
changes over time.

The rate of change of the radius at time t seconds is given by dr = ti ,t>0.

+2
Initially, at ¢ =0, the radius is 3 cm.

(a)  Find an expression for 7 in terms of 7. [2]

r=j$dt=4]n(t+2)+c [M1]

Att=0,r=3,c=3-4In2 or 0.227
r=4In(r+2)+3-4In2 or 4In(t+2)+0227 [Al]

(b)  The volume ¥ of the balloon is given by V = g—ﬂ'r3 .

Find the rate of increase of the volume of the balloon at # = 2. [4]

Att=2r=4In4+3-4In2
ﬂ=47rr2 M1]

dr

Atr=2,

dv

2 —418.7464104, [M1]
'

dt dr dt
dv
= =418.7464104x1 [M1]

v _ 419cm* / s [A1]
dt
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2
7 (a)  Express __5x_+31c+_72_ in partial fractions. [6]
(x+1)(x-2)
2
5x"+3x+7 A B C [MI1]

2 + * 2
(x+1)(x-2)" x+1 x-2 (x-2)
5x’ +3x+7=A(x-2)" + B(x+1)(x=2)+C(x+1) [M1]
Whenx=2,C =11 [M1]
Whenx=-1,4=1[MI]
When x =0, B = 4 [M1]

5x° +3x+7 1 4 11
= ——
(x+1)(x-2)" x+1 x-2 (x-2)

- [Al]

5x*+3x+7
H —— dx. 3
®) enee J‘(x+1)(x—2)2 & B3]

J- 5x*+3x+7
(x+1)(x-2)
1 4 11
=j’ —
x+1 x-2 (x—2)
1

=I?ﬁdx+jx—i5dx+jll(x—2)"2

~dx [M1]

11
x-2

=In(x+1)+4In(x-2)- +c [A2][Minus 1 for each incorrect part]
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8 A curve has equation y = xv/x+k +3, where k is a positive constant.
(@  Show that 9— _3x42k 3]
2Nx+k
1
& ~x(1 (x+k)2 +x+k [M1]
dx 2
dy X+ Jx+k
dx  2x+k
dy x+2x+2k
=" {Ml
dx 2Jx+k (Ml
dy 3x+2k
—= Al
dx 2Jx+k [Al]
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(b)  Determine the nature of the stationary point on the curve. [6]

2iTE (3)_(3x+zk)(z)(lj(x+k)‘%

d’y 2

dx’ 4(x+k) M1l
31_2% _(x+k)2 [2(x+k)(3)—(3x+2k) | 1]

dx 4(x+k)

d’y _6x+6k-3x-2k

- 3
d’ 4(x+k)?
2
d_{z 3x+4k3 M1]
dx 3
4(x+k)2
dy

——=0,x=—g-k [M1]
dx 3

Atx=—-2—
3

When
d’y 2k

k=2 = :
(]
3
2

2
. d’y
Since k > O,E >0. [M1]

x= —%k is a minimum point on the curve. [A1]
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1+3Inx

x2

9 Acurve y=

has a minimum point at P.

(a) Find % . [2]

b (xz)(3)(%]——(l+3lnx)(2x)
a x*

i}i_ 3x-2x-6xlnx

dx x*
dy _1-6lnx
& X

M}

[Al]

1

(b)  Show that the x-coordinate of P is €. [2]

At Y _01-6mx=0[MI]
dx

Mx=l

6
1
x=e% [Al]
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(c) Find the equation of normal to the curve at the point x=¢.
Leave your answer in terms of e. {5]

Atx=e,y=-47 IM1]
e

Atx=e,g“z=——53- [M1]
dx e
3

gradient of normal = % [M1]

4 ¢
y»e—z_?(x—e) M1]

3 4 3 6
e e 4 e 20-¢
=—X——+— 0ory=—x+ Al
YIS T TS 5¢* [Al]
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10 The table shows experimental values of two variables x and y.
X 1 2 3 4 5 6 7
y 56.2 31.5 25.1 9.96 560 | 3.14 | 1.76

The variables x and y are related by the equation y = 7?; , where h and & are constants.

It is believed that an error was made in one of the experimental values of y.
(a) On the grid, on the next page, plot lg y against x and draw a straight line graph to
illustrate the information using a scale of 2 cm to represent 1 unit on the x-axis and 8

cm to represent 1 unit on the y-axis. 31

(b)  Use your graph to
(i) identify the abnormal reading of y and estimate the correct value of y, [2]
y =25.1 is an abnormal reading of y. [B1]

correct value of y: 1gy=1.25
y =10'% =17.8 [B1] [Accept answers between 13 to 24]

(ii) find the value of A and £. (4]

b
Y=
lgy=Igh—xlgk
lgy=(-lgk)x+1gh [B1]
gradient = —lgk=%_—?)- [M1]
Igk=0.25
k=10"% =1.78 [A1] [Acceptable range +0.1]
y-intercept =1gh =2

h =100 [B1]
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Graph of lg v against x with Best Fit Line
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11 Acircle, C, has equation x* +y* —10x+6y+9=0.
(@  Find the coordinates of the centre and radius of C. [3]

x> +y*-10x+6y+9=0

x> —10x+25+y*+6y+9-25-9+9=0

(x—S)2 +(y+3)2 =5

Centre of Circle = (5, —3) [B2][Minus 1 mark for each incorrect coordinate]
Radius = 5 units [B1]

(b)  Explain why the y-axis is a tangent to C. 1]
For using the correct method to find the perpendicular distance from the centre of the circle to

the y-axis. Distance from centre (5, —3) to y-axis (x =0) =5
Distance equals radius, so y-axis is a tangent.

(©) Given that the circle C crosses the x-axis at the point P(l, O) , find the equation of the

tangent to the circle at P. [3]
Gradient of CP = %3—) _ —% [M1]

Gradient of tangent = —:~ [M1]

4 4
=—x-—[Al
y=3 3[ ]

(d)  Determine whether the point A(3, —7) lies inside, outside or on the circle C? [2]

LHS = (3-5)* +(=7+3)* =20 [M1]
Since, 20 <25, (3, —7) lies inside the circle. [A1]
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12 (a)  Find the equation of the perpendicular bisector of the points P(a, 4) and Q(6, —2) in

terms of a. [4]
Midpoint of PQ = (“;’6,4‘2) (‘“2’6,1] [M1]
Gradient of PQ = ( ) 6 [M1]
-6 a-6
Gradient of Perpendicular Bisector PQ = — a- 4 [M1]
6-a a+é6
= x- Al
y p ( 3 ) [A1]
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()  The perpendicular bisector of line segment PQ passes through the point R(2, 1).
Find the possible values of a. [2]

l—1=§——a—(2—a+6)
6 2

6-a(4—a—6
0-7( 2 ][M”

0=(6-a)(-2-a)
a=6ora=-2[Al]

(©) S is the reflection of point @ across the perpendicular bisector of PQ.
By using the positive value of a found in part (b) calculate the area of the
quadrilateral PORS. [4]

Midpoint of PQ = [92—6-,1] =(6,1) [M1]

S§=(6,4) [M1]
Use of shoelace method [M1]
Area =12 units® [A1]

End of Paper
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax’ +bx+c=0,

_ —b+/b* —4ac

2a

x
Binomial expansion

(a+b)'=a" +(’11Ja”“b+(ga"‘2b2 +...+(n}a""b’ +.+b",

r

n ! =1..,n—
where 7 is a positive integer and S = n(n-D)..(n=r+1)
r) ri(n-r)! r!

2. TRIGONOMETRY

Identities
sin? A+cos* 4=1
sec? A=1+tan* 4
cosec’4 =1+cot’ 4

sin(A4+ B) =sin Acos B +cos Asin B
cos(4+ B) =cos Acos B+sin Asin B
tan At tan B

tan(A+t B)=———m—
( ) 1¥tan Atan B

sin2A4=2sin Acos A
cos2A =cos®> A—sin®> A=2cos? A—-1=1-2sin* 4

tan2A=—2£lyi
1—tan~ 4

Formulae for AABC
a b c

sin A - sinB sinC
a® =b*+c*—2bccos A

A= lbcsinA
2
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1 (a) Find the first 3 terms in the expansion of (1+3x)* in ascending powers
of x. (2]

(1+3x)8=1+8(3x)+[2j(3x)2+,__ M1

=1+24x+252x" +... Al
(b) Hence determine the first 3 terms in the expansion of (2 + 6x+3x?)%. [3]
3 8
Q2+6x+3x)¥ =2} (1+3x+5x2) M1

8
=256(1+3(x+%x2)) Ml
1, 1,Y
=256|1+24 x+5x +252 x+5x +...

= 256(1 +24x +12x% + 252 +...)
=256(1+24x+264x2 +...)
=256+6144x+67584x* +... Al

(¢) Explain why there is no constant term in the expansion of

(2-%) (1+3%)°. [3]

X

2 2
(2_ij (1+3x)° =(2—L) (1+24x+252x% +...)
3x 3x

=(4__4_+—1-2-)(1+24x+252x2+...) Ml
3x 9x

constant term = 4(1)— -;l 24+ % (252) Ml
=0
Hence there is no constant term in the expansion of
2
(2—-—1-) (1+3x)*. Al
3x
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4
2
B
D
F
—o—
ADE is a semicircle with centre O. It is given that D and E are midpoints of
AB and AC respectively and AB = BC.
(a) Prove that AABE = ACBE. (3]
In AABE and ACBE,
AB = BC (given) M2 for 3 conditions
AE = EC (E is the midpoint of AC) x ..
BE is a common height MI for 2 conditions
AABE is congruent to ACBE . (SSS) Al
(b) Prove that ZBEA=90°. (1]
Since A4BE is congruent to ACBE, ZBEA = /BEC . (corresponding
angles of congruent triangles)
/BEA+ /BEC =180° (angles on a straight line)
4£BEA+ ZBEA=180° BI
ZBEA=90°
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(¢) Determine, with explanation, whether AADE is similar to AABC. [3]

Since D and E are midpoints of 4B and AC respectively, by midpoint
theorem, DE // BC and DE = %BC . Bl

In AADE and AABC,

£DAE = ZBAC (common angle) Ml
ZADE = ZABC (corresponding angle, DE // BC) Ml
AADE is similar to AABC. (AA similarity test)

DF 1
Show that — =—.
@ VIR [3]

In ADFE and ACFB,
LEFD = /BFC (vertically opposite angle) M1

ZFDE = ZFCB (alternate angle, DE //BC) Ml
ADFE is similar to ACFB.

By midpoint theorem, DE = —;—BC .

DF _DE
FC BC

=% (proven) Al
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3 A radioactive substance decays according to the equation 4= 15¢™" , where
A is the mass in grams of radioactive substance remaining and ¢ is the time in
hours after the radioactive substance starts to decay.

(a)

(b)

©

Given that there are 10 grams of radioactive substance remaining after
30 hours, verify that the value of b is 0.013516.

A=15¢"

10 =15¢7%

e = 10 M1
15

-30b =1n&
15

=0.013516 Al

Find the mass of radioactive substance left at the end of 1 week.

A =1500135160%24)

=1.55g Bl

Find the number of hours for the radioactive substance to decay to half
of its original mass.

When t=0, 4=15. M1

A = 156—0.0135161

E — 1500135161

g O0sI6E 1 M1
2
—0.013516¢ = ln%

t =51.3 hours Al
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(d) Find the rate at which the substance decays at ¢ = 50 hours. [2]

A — 158—0.0135161

ﬂé = —0.20274¢-0013516¢ MI
dt '

When ¢ =50,

d_A = _0'202746—0.013516(50)
dt

=-0.103

The rate of radioactive decay at ¢ = 50 hours is 0.103g/h. Al
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cotx+1

Prove that cot(45°—x) = .
4 (a) Prove that cot( X) P 3]

1
tan(45°—x)
_1+tan45°tanx

cot(45° - x) =

" tan45°—tanx

_1+tanx M1

" l—tanx

1+ 1
cotx

1— 1
cotx
_cotx+1

= (proven) Al
cotx—1

cos(45°—x)
sin(45°—x)
_ cos45°cosx + sin45°sin x

cot(45°-x) =

" §in45°cos x— cos 45°sin x Mi

B cosx+sinx
cosx—sinx
+1

_sinx M1
(?,OSJC_1

cCoSs X

sinx
B cotx+1

= (proven) Al
cotx—1
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(b)  Hence express cot15°in the form p+g+/3, where p and q are
integers. [3]

cot15° =cot (45°~30°) M1 - sub x = 30°
_cot30°+1
" cot30°-1
I +1
_ tan30°
1
tan30°
_\/§+1
-
\/§+1 J§+1
BB M
3424341
T 3-1

4423

2
=243 Al
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5§  Itis given that cosf = % , where 0°< 8 <360°.

(a)  Show that the value of 2—sin’8 is % ) 2]

2-sin?@=2—-(1-cos’8) Ml

=1+cos’ @
2
e
13
= 194 Al — with correct substitution
169
(b) By finding the value of sin® 8, find the exact value of tan®(90°-6). (4]
2—sin* 8 = 154
169
144
sin’ @ = —
169 Bl
1
tan” (90°—-8) = M1
n ) tan’ 0
_cos’ @
sin’ @
(5)
13
T M
169
_25 Al
144
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Downloaded from SingaKids.com



BP-377

11

6 The function f(x)=x’+ px’* +gx—12, where p and ¢ are constants, has a
factor x+1 and leaves a remainder of 36 when divided by x-3.

(a) Showthat p=5 and g =-8. [4]

fx)=x+px* +gx-12

f(-1)=0

-1+p-g-12=0

p-q=13 ® Ml

f(3)=36

27+9p+39g-12=36

9p+3g=21

3p+qg=7 @ Ml

0+@:
4p=20 Ml

p=5
g=5-13
g=-8

Sp=5 and g=-8 (shown) Al

(b) Using these values of p and g, solve the equation f(x)=0. [2]

When p=5 and g=-8,

f(x)=0
X +5x*-8x-12=0
(x+1)(x* +4x-12)=0 M1

(x+1)(x+6)(x—2)=0

x=-1 or x=—-6 or x=2 Al
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7 (@) Given that log, x=m and log, y =2n, express xy in terms of m and
[2]
n.

Given that
log, x =m and log, y=2n

x=T7" y=T7" M1

o= (7))
xy= 7m+2n Al

(b) Solve the equation log, 3x* +4 =log 27.
(3]

log, 3x* +4=log_27
log,3+2log, x+4=1log, 27 Ml

log, 3’ v
2log, x+5=—— M1 - for Change of Base Law
log, x
2log, x+5=
log, x
Let y =log, x,
2y+5=3 M1
y
2y*+5y-3=0

(2y-1)(y+3)=0

1
Ly=—= or =-3
y ) y
log, x = % or log,x=-3 Ml
1
x=3? or x=3"
=4/3 = L Al
27
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8 y
4 [ 3z ’2]
8 .
0 z
2
)
8
The diagram shows the curve y =asinbx+c for 0<x < %radians.
| .. . T . . 3z
The curve has a minimum point at (§ , —-8) and a maximum point at (? , 2) .
(a) Explain why ¢ =-3. . [2]
y =c is axis of curve
e maximum + minimum
2
_2+ (-8) M1
2
=-3 Al
(b) Explain why 5=4. [2]
27 .
— = period
b p
n_z Ml
b 2 '
b=4 Al
(c) Hence find the equation of the curve. [2]
y=asinbx+c
Since this is a negative sine graph and the amplitude is 5, a =-5. M1
The equation of the curve is y =—5sin4x—3. Al
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9 A boat travelling in a straight line passes a buoy, B, with a speed of v m/s.
The velocity of the boat after passing B is givenby v= t* ~5t+4 . The boat
comes to rest momentarily, first at point C and then at point D.

(a) Find the distance CD. [5]

v=t'-5t+4

s=,[t2—5t+4dt
3 2
=L—244Hc
3 2
Whent=0,5s=0,c=0.

t3 2
s=L 2L 4 M1
3 2

At instantaneous rest,
v=0
t?-5t+4=0 M1
¢t-DE-4=0
t=1 or 4 M1

Whent =1,

s=l—§+4
3 2

| v

Distance between C and D=1=—| -2 E) M1

3

1l
BN
N = D

m Al
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(b) Find the total distance travelled by the boat in the first 5 seconds after
passing B.

Whent =35,
S__5_3__5(5)2

M1
+4(5 ’
5~ +40)

M1
Total distance travelled by boat =1 3 +4 1 + (— 3 +2 2
6 2 6 3
1 Al
=8—m
6
(¢) Given that 4 is the point at which the boat has zero acceleration,
determine with full working, whether A is nearer to B or to D. (3]
a=2t-5
When a =0,
2t-5=0 Ml
1
t=2—
2
1
When t=2—,
2
1y 1Y
22) o)
M1
s=x 2/ N 2) 4ol
3 2 2
5
=——m
12
. 5 )
distance from A to B = 1 m
. 2 5 . .
distance from 4 to D = (25 - 1—2-) m | Al —with conclusion
=2 1 m
4
A is nearer to B. -
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10

The diagram shows a drawing of a mini garden ABCD in the school. It is
given that BC=4 m, CD=8 mand £4BC=/4ADC=6, where 4 is an
acute angle measured in degrees.
(a)  Show that the area of the mini garden is 4 =20sin26-16cos26+16. [4]

4cosd

Y|
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=40cos@sin§ +32sin’ & M1
=205in29+32[1;%ﬁ) Mi
=20sin20-16cos20 +16 Al
(b) Express 4 in the form Rsin(20—a)+16, where R > 0 and « is an
acute angle.
A=20sin26-16cos260+16
=20° +16 sin(za—tan-‘ (ED+16 MI for R
20 M1 fora
= /656 sin (26 —38.659°) +16
=+/656 sin(20—38.7°)+16 Al
(¢) Find the value of 6§ when the area of the garden is 25 m?.
V656 sin (20 —38.659°)+16 =25
9
sin(26—-38.659°) = —
( ) J656 Ml
260-38.659°=120.572° Mi
6=29.6°(1d.p.) Al
(d) Determine the maximum value of 4 and the corresponding value of 6.
Maximum value of 4 =/656 +16
=41.6 m (3s.f) Ml
Corresponding value of 0:
20-38.659° =90° M1
0=64.3°(1dp.) Al
Jurongyville Secondary School 4049/02/2025
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A= %(4 cos @)(4sin 4) + % (8cos 8)(8sin 8) + (4sin A)(8sin &) M1

=8cosfsinf +32cosPsin @ +32sin’ O

[3]

[3]

[3]
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11 y

—t

)

The curve x =(y—2)* and the line y =x—10 intersects at the points M and
N.

(a) Find the coordinates of M and N. [3]

x=(y-2" — (O
y=x-10 - (2)
Sub (1) into (2):
y=(y-2"-10 Ml
y=(*-4y+4)-10
y*-5y-6=0
(y+D)(y-6)=0
y=-1 or y=6 M1
x=9 or x=16
Coordinates of M and N are (9,—1) and (16, 6) respectively. Al
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(b) Find the area of shaded region 4 and the area of the shaded region B. [6]

. 1 6
area of region 4 = -2—(9 +16)(6+1) —L -2dy o

3 6
=87l_ (_}/;22_ M1 — correct integration
2 3 B
_2p  (-1-2)
_grl [6-2 (-1-2)
2 3 3
=57é units> Al

area of region B = .[_21 (y- 2)2dy+—;—(10—1)(9) M1
3 2
3 2

_@-2 (-1-2) 81
3 3 2

= 49% units’ Al

-1

END OF PAPER
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