(®

2
Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax’ +bx+¢ =0,

‘o ~b+b? - 4dac
’ 2a

Binomial Expansion

(a+d)" =a" +("]a""b +(;Ja""b’ +...+(")a""b’ +

| r
e n ! n(n=1)...(n=r+l
where n is a positive integer and = = ( ) ( )

r) ri(n-r)! r

2. TRIGNOMETRY

Identities
sin? A+cos’ A=1
sec’ A=1+tan’> 4
cosec’ A=1+cot? 4
sin( A4+ B) =sin Acos B + cos Asin B
cos( A4+ B)=cos Acos BFsin Asin B
tan At tan B

l1Ftan Atan B
sin24 =2sin Acos 4

tan(A4+B)=

cos2A=cos’ A-sin> A=2cos> A-1=1-2sin? 4

2tan A

tan24d =——
1-tan? 4

Formulae for AABC
a b ¢
sind sinB sinC
a’ =b*+c* —2bccos A

A=lbcsin A
2
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V2 em

C
B \/5+~/3 cm

The diagram above shows a right-angled triangle ABC, where AB=+2 cm, and

BC=\/§+\/§ cm.

(a) Find the exact value of tan ZACB in the form of a+ Jb , where a and b are integers. [2]

(b) Hence, find the exact value of sec? ZACB in the form m+nvk , where m and n are

integers. (2]
)
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2 Acontainer has a capacity of 840 cm’ and is initially filled completely with water. The volume,
Vem’, of water in the container is given by ¥ = h* + 2k, where h cm is the height of the water
level in the container. Due to leakage at the bottom of the container, the height of the water
level in the container decreases at a rate of % cmV/s, where ¢ is the time in seconds.
(a) Find the initial height of the water level in the container. 2]
| 5e
i (Q (b) Show that the height of the water level A can be expressed as h= -—6— +28 . 2]
]
(¢) Find the rate of decrease of volume when 1 =3. [5]
(¢
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ind [ xet* 2]
3 a) Find —| xe? |.
@ d,( )
4 11
(b) Hence evaluate J'o xe? dx, leaving your answer in the form k(e +1), where k is a ’
constant to be found. [5]
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4 Intriangle ABC below, AB=xcm, BC =y cm, AC =14 cmand angle ABC =120°.
C

A B

xcm

(a) Using cosine rule, form an equation involving x and y. m

(e

(b) Given that the perimeter of triangle ABC is 30 cm, find the exact area of triangle ABC.,

(4]

7
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?
5 (a) By considering the general term in the expansion of (x’ + -l-) , explain why there are no
x

even powers of x in its expansion. (2]

7
(b)  Given that the coefficient of x* in the expansion of (x’ +l) +(kx+3)"is 1344, where k
x

Y

is a positive constant, find the coefficient of x* in the expansion. (4]
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6 Inthe diagram below, TAX and TCY are tangents to the circle at A and C respectively.
AC meets TD at E. D is on BC such that TD is parallel to AB.

Y

C
E
T
A
® X
(@ Prove that angle ACB is equal to angle ATD. 12)
()
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(b)  Explain why a circle can be drawn passing through the points 7, 4, D and C. (

&

(¢) Hence prove that CEx AE = DExTE . [3]
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7 The diagram shows a solid cylinder of radius  cm and height 4 cm inscribed in a hollow cone

of height 45 cm and base radius 20 cm. The cylinder rests on the base of the cone and the
circumference of the top surface of the cylinder touches the curved surface of the cone.

20cm
(a) Show that the volume, ¥ cm?, of the cylinder is given by V =45z,? _%;"‘, (3)
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11
(b) Given that r can vary, find the maximum volume of the cylinder, leaving your answer in
terms of x. (5]
(¢) Hence show that the cylinder occupies at most % of the volume of the cone. (2]
J
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(@) Find the value of a and of b for which {x:x<-3.5 or x>2} is the solution set of
b<x+ax. (3]
(b) Find the range of values of p for which y = x” = px~3x - p is always positive. (3]

(c) Explain whether the line y =-5x-2 intersects the curve y =k’ +3where k<1. (3]
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g . ) (2]
(a) Express 5sin® x—cos® x—1 in the form 1-kcos2x.
(b) State the amplitude and period, in radians, of 5sin® x—cos’ x—1. (2]
)
(c) Sketch the graph of y =5sin® x-cos’ x=1 for -12'- <$x< fz- (3]

(d) By drawing the line y =1 —:—x on the same axes, state the number of solutions to the
T

equation 27:-3x=27r(55in1x—coszx-—l) in the range —%stg. [2]
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D

c
Im
2lm B

The diagram shows a quadrilateral field ABCD, where AB =21 m and BC = 3 m.
Angle ABC = angle ADC = 90°. Angle BAD =@, for 0° < 8 <90°, and can vary.
The perimeter of the fencing around the quadrilateral field ABCD is P m.

A

(a) Show that P =24+18cosf+24sin6. (3]
(b) Express P in the form Rsin(6+a)+24, where R>0 and 0°<a <90°. 3]
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(¢) Given that the total perimeter of the fencing is 53 m, find the value(s) of 6. (2]

>

(d) Explain why the total length of the fencing will never exceed a certain value and state this
value. (2] v
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11 3 d
11  (a) Express zx\+l2 in partial fractions. )
x'(x+4)
C
x+12
(b) Hence find _:J%T)dx 2
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12 The diagram shows part of the curve y = x* = 7x +12, cutting the x-axis at Q.
The normal to the curve at P(2, 2) meets the x-axis at R.
y

4 2
y=x -Tx+12

P(2,2)

Show that the area of the shaded region bounded by the x-axis, the line PR and the curve is ( )
S

6— units”.
g ni (8]
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax” +bx+c=0,

—b++b* —4ac

2a

X =

Binomial Expansion

n n
(a+b) = (J " 'b+( j "2 4. +( ]a”"b"+...+b",
r

n(n—l)...(n—r+1)

7!

where 7 is a positive integer and ( ]

2. TRIGNOMETRY

Identities
sin> A+cos®* A=1
sec’ A=1+tan’ 4
cosec> A=1+cot” 4
sin( A4 £ B) = sin Acos B+cos Asin B
cos( A+ B)=cos Acos BFsin Asin B
tan A+ tan B
1¥tan Atan B
sin2A4 =2sin Acos A
c0s2A=cos’ A—sin®> A=2cos* A-1=1-2sin”* 4

tan2A=2ta—n2A
1-tan” 4

tan(AiB) =

Formulae for AABC
a b ¢

sind sinB sinC
a’ =b*+c*=2bccos A

A=lbcsinA
2
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A
J2 em
C
B V243 em
The diagram above shows a right-angled triangle ABC, where 4B = V2 cm, and
BC=+2++3 cm.
(8)  Find the exact value of tan ZACB in the form of a+~/b , where a and b are (2]
integers.
N
tan ZACB = X
NG TN
2-6
2-3
=-2+6
(b) Hence, find the exact value of sec> ZACB in the form m +nk , where m and [2]
n are integers.
sec’ 4=1+tan” 4
=1+ (/6 -2)
=1+6-4J6 +4
=11-46
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2 A container has a capacity of 840 cm?® and is initially filled completely with water. The volume,
V em’®, of water in the container is given by ¥ = h’ +2h where & cm is the height of the water
level in the container. Due to leakage at the bottom of the container, the height of the water leve

. . St . L
in the container decreases at a rate of 3 cm/s, where ¢ is the time in seconds.

(a) Find the initial height of the water level in the container. [2]

att=0, V=840

h* +2h =840

h* +2h—840=0
(h—=28)(h+30)=0

h=28 or h=-30 (rejected)
.. Initial Height = 28 cm

2
(b) Show that the height of the water level 4 can be expressed as /4 = —%+ 28 . [2]

when t =0, h =28,
28=0+c¢
c=28

2
Sh= —%+ 28 (shown)

(¢) Find the rate of decrease of volume when ¢ =3. [5]

Y oo
dh

dh -5(3)

a3
=-5

when ¢ =3,

2
h:ﬂJrzg
6

=20.5

YV 2020.5)+2
dh

=43
v _dv dn
de dh dr
— 43%(-5)
=-215cm’ /s

Rate of decrease =215cm’ /s
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3 @ Find i[xe;x} 2]
dx

1
Accept e? (%x + 1)

1
(b) Hence evaluate j: xe? dx, leaving your answer in the form k(e2 + 1) ,where kisa [5]

constant to be found.

1 1 174
41 =X —Xx —x
j —xe? +e? dx=[xe2 }
072

0

Lo L LT
JO xe? +2¢? dx=2[xe2 }
0
4 lx lx
jo xe? dx:{xe2 }
0

T 7t
:2{x62x} —[462?
0 0
= 2[4e2 —o]—[4e2 —4]
=8¢’ —4¢’> +4

=4¢* +4
=4(e’ +1)

4

- J.: 2e%xdx
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4 In triangle ABC below, AB=x cm, BC =y cm, AC =14 cm and angle 4ABC =120°.

(@

(b)

2025 Prelim

X cm

Using cosine rule, form an equation involving x and y.

14° = x* + y* —2xycos120°
196 =x" +y° +xy

[1]

Given that the perimeter of triangle ABC is 30 cm , find the exact area of triangle [4]

ABC.

x+y+14=30
x=16—-y - [1]
196 = x* + y* + xp -——-- 2]
sub [1] into [2]
196 =(16—-y)’ +y* +(16—y)y
196 =256-32y+ 1" +y* +16y -y’
¥ =16y +60=0
(y=6)(y-10)=0
y=6 or y=10
x=10 or x=6

Area of AABC = %(1 0)(6)sin120°

(2

= 15\/§ cm?
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,
5 (i) By considering the general term in the expansion of (xs + lj , explain why there  [2]
x

are no even powers of x in its expansion.

Q)

_ 7)@)”” X

r

— 7 x3576r
r

6r is always even by all non-integers of .

35—-6r is always odd.

.. There are no even powers of x in its expansion.

;
(ii) Given that the coefficient of x° in the expansion of (xs + lj +(hox + 3)7 is 1344, [4]
x

where k is a positive constant, find the coefficient of x* in the expansion.

T = m(kx)” ¥

r

= (7J(k)7" 3

T—r

r

,
6
1
7
T, = (1 j(k)() 3'x°
21k° =1344
k=2 or k=-2(rejected)

T—-r=4
3

V=

T, = (Zj(z)“ 3yt

. coefficient of x* =15120
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6 In the diagram below, 74X and TCY are tangents to the circle at 4 and C respectively.
AC meets TD at E. D is on BC such that 7D is parallel to AB.

(i)  Prove that angle ACB is equal to angle ATD. [2]

LATD = ZXAB (corr angles, AB//TD)
= ZACB (alternate segment theorem)
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(ii)  Explain why a circle can be drawn passing through the points 7, A, D and C. [1]

Since ZATD = ZACB, they fulfil the property of angles in the same segment.
.. A circle can be drawn passing through the points 7', 4, D and C.

(iii) Hence prove that CEx AE = DExTE . [3]

LATE = ZDCE [from part (a)]
LTEA = ZCED [vert opp £]
.. AATE is similar to ADCE (AA similarity test)

IE = £4 (Ratio of corr sides of similar triangles are equal)

CE
CEx AE = DE xTE (proven)
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7  The diagram shows a solid cylinder of radius » cm and height /# cm inscribed in a hollow
cone of height 45 cm and base radius 20 cm. The cylinder rests on the base of the cone and
the circumference of the top surface of the cylinder touches the curved surface of the cone.

1
|
|
™

- ~ -/
20 cm
(i)  Show that the volume, ¥ cm’, of the cylinder is given by V =457zr° —%72'7”3 : [3]
45-h _r
45 20
20(45—h) = 45r
900—-20h =45r
b 900—-45r
20
=45 —21”
4
V=nr'h

9
=ri(45-=
r( 4r)

=457 —%72’1"3 (shown)
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(i)

(iii)

2025 Prelim

11

Given that » can vary, find the maximum volume of the cylinder, leaving your [5]

answer in terms of 7.

a_ 907r —zzrrz
dr 4

when V' is max,

907zr —24—772'7"2 =0

7zr(90—2rj20
4

=6000s
8000
c.ratio = 3
60007z
4
=— (shown
5 ( )

Volume of cone = %7:(20)2 (45)

Mathematics / 4049/01 / Sec 4 Exp

r=0 or r= 13l
3
(rejected)
2
d 12/ =90x —272'}”
dr 2
when r = 4—,
3
: 2 4
d 12/ = 9072——77r —Oj
dr 2 3
=-282.74
<0
2
Since ((11 IZ/ <0, V= 80007 cm’ is a maximum volume.
r
Hence show that the cylinder occupies at most g of the volume of the cone. [2]
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8 (a) Find the value of @ and of b for which {x:x <-3.5 or x>2} is the solution set of [3]

b<x*+ax.

2x+7)(x-2)>0
2x> +3x—-14>0
x’+ax—b>0
2x* +2ax-2b>0
2a =73

a=1.5
2b=14

b=17

X +1.5x>7

(b)  Find the range of values of p for which y = x* — px—3x — p is always positive. [3]

b*—4ac<0

(—p-3) ~4()(~p) <0
pP+6p+9+4p<0

p +10p+9<0

(p+D(p+9)<0
-9<p<-1

(c) Explain whether the line y =—5x—2 intersects the curve y = kx* +3 where k<1.  [3]

S5x-2=kx*+3
kx> +5x+5=0
b* —4ac =25—-4k(5)
=25-20k
k<1
20k >-20
25-20k>5

>0
Since b” —4ac > 0, for k <1, the line intersects the curve.
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9 ()  Express 5sin’ x—cos’ x—1 in the form 1—kcos2x. [2]
. I1—cos2 2x+1
5sin” x—cos’ x—1= 5( cos xj_(cos i j—l
2 2
_>_scos2x 1 . 1,
2 2
=1-3cos2x
(ii)  State the amplitude and period, in radians, of 5sin® x —cos” x—1. (2]

5sin*x—cos’x—1 = 1 — 3cos2x

Amplitude =3
Period = 2%
2
= 7 radian
(iii)  Sketch the graph of y =5sin® x—cos’ x—1 for —% <x< % 3]
6k
-11:/2 -11:/4 0 TT:/4 TT:/2 3T:T/4

. : : 3 .
(iv) By drawing the line y =1 —Z—X on the same axes, state the number of solutions to [2]
V4

the equation 27 —3x = 27z(5 sin® x —cos’ x—l) in the range —% <x< %

= —ix+1
4 2

.. Number of solutions = 2.
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[3]

10
The diagram shows a quadrilateral field ABCD, where AB = 21 m, BC = 3 m and
angle ABC = angle ADC = 90°. Angle BAD =6 and can vary. The perimeter of the fencing
around the quadrilateral field ABCD is P m.
@) Show that P =24+18cosd+24sinf.
sinf =—
21
BF =21sin6
cosd = LB
3
EB =3cos6
DC =21sinf—-3cosd
cosd = AF
21
AF =21cos @
sin@ = £C
3
EC =3sind
AD =21cos@+3sinf
Hence, P=21+3+21sinf@—-3cos@+21cosf+3sinf
=24+18cos @ +24sin @ (shown)
2025 Prelim Mathematics / 4049/01 / Sec 4 Exp
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(ii) Express P in the form Rsin(@+a)+24, where R >0 and 0° < a <90°. [3]
R=+/18"+24°
=4/900
=30

18
tana =—
24

=36.8699°
=36.9°

<. P=30sin(0+36.9°) + 24

[2]

(iii)  Given that the total perimeter of the fencing is 53 m, find the value(s) of 6.

30sin(6 +36.8699°) +24 =53

sin(0+36.8699°) = 22
30

Basic angle = sin™' (gJ
30
=75.1649°

6 +36.8699° =75.1649°,104.8351°
0 =38.3°, 68.0°

[2]

Explain why the total length of the fencing will never exceed a certain value and

(@iv)
state this value.
—1<sin(0+36.9°) <1
—30<30sin(8+36.9°) <30
—6 <30sin(0+36.9°)+24 <54
The total length will not exceed 54m as the max length is 54m.
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11x+12

2

11 (i) Express
P x(x+4)

in partial fractions.

11x+12 A4 B C
xz(x+4)_; ?+x+4
1x+12 = Ax(x +4)+ B(x +4)+ Cx’
when x =0,

12=0+4B+0

B=3
when x =4,

-32=0+0+16C

C=-2
when x =1,

23=54+15-2

A=2

AP

x> x+4

Clx+12 2 3 2
X

11x+12
xz(x+4)

J121x+12 dx:jz+%— 2 d
x(x+4) x x x+4

:21nx—é—2ln(x+4)+c
X

(i) Hence find J

2025 Prelim Mathematics / 4049/01 / Sec 4 Exp
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12 The diagram shows part of the curve y = x> —7x+12, cutting the x-axis at O.
The normal to the curve at P(2,2) meets the x-axis at R.

Y
A 2
y=x —-Tx+12
P(2,2)
R O Qv P X

Show that the area of the shaded region bounded by the x-axis, the line PR and the curve is [§]

6§ units’ .
6
Y =2x-7
dx
when x =2,
d_y =2(2)-17
=-3
Gradient of normal = %
—lx+c
Y73
at (2, 2)
2:£+c
3
4
c=—
3
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when y =0,
X =Tx+12=0
(x-3)(x-4)=0
x=3 or x=4
0=(,0)

Area of shaded region = %(6)(2) + jj x> —7x+12 dx

3 3
P BN
32

2

63 8
—6+{(9—7+36)—(§—14+24)}

= 6% units® (shown)
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