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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax’+bx+c=0,

_ —b++/b*—4ac

2a

X

Binomial expansion

n n n
(a+b)"=a" +(1jan‘1b+[2ja”‘2b2 +...+(rja"‘rbr +..+b",

n I _ _
where 7 is a positive integer and ___m__n-d.(nor+d)
r) (n—r)ir! r!
2. TRIGONOMETRY

Identities
sin® A+cos” A=1
sec’ A=1+tan® A
cosec’A=1+cot” A
sin(A+ B) =sin Acos B £ cos Asin B
cos(A+B) =cos Acos B ¥sin Asin B

tan A+ tan B
1xtan Atan B

sin2A=2sin Acos A
cos2A=cos? A—sin> A=2cos? A—1=1-2sin* A

tan(A+B) =

tan2A= Zta—nzA
1-tan“ A
Formulae for AABC
a b c

sinA:sinB :sinC
a’ =b%*+c*—-2bccos A

A:Ebcsin A
2
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3x*+14x+6
x*(x+3)

1 Express as the sum of 3 partial fractions. [5]
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2 (a) State, in terms of =,

(i) the principal value of tan™'(-+/3), [1]

(ii) the values between which the principal value of sin"'x must lie. [1]

(b) Given that A is a reflex angle and cos4 = — % , find the exact value of cos (4 + 30°)

without the use of a calculator. [3]
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3 (a) Find the set of values of the constant k for which the curve y = — kx? — 2x + 2k — 3 does not

intersect the x-axis. [3]

(b) Using the answer in part (a), explain whether it is possible for — kx? — 2x + 2k — 3 to be

positive for all x. [2]
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A roller coaster is being designed such that the height, h m, of a rider above the ground in a section
of the roller coaster ride is given by 2 =10x — 2x* — 4, where X is the horizontal distance of the

rider from the starting point and 1 <x <4.

(a) Express h in the form a + b(x + c)? where a, b and ¢ are constants to be determined. [3]

(b) Hence, explain why the rider cannot reach a height of 10 m. [1]

(c) After testing the prototype, the roller coaster designer wants to make the ride more exciting
by moving the highest point of this section of the roller coaster ride up by 0.2 m and left by
0.1 m. Write down a possible new expression for h. [1]
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5 Water is poured into an empty inverted conical container with radius 6 cm and slant height 10 cm.
After t seconds, the radius of the top surface of the water is r cm.

a 10 cm

(@) Show that the surface area, S, of water in contact with the container at any time is given by

S==nr’.

3
[The curved surface area of a cone of base radius r and slant height | is w7/ .] [2]

(b) Water is poured into the container such that r increases at a constant rate. Given that it takes
30 seconds to completely fill up the empty container, write down the rate at which r
increases. [1]
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(c) Hence calculate the rate at which S increases when the container is one-eighth filled. [4]
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6  Acurve has equation y = 30(26+1) , Where x > 0.
(a) Find the x-coordinates of the stationary points of the curve. [5]
(b) Determine the nature of each of the stationary points. [3]

(c) Using your answer in part (b), infer and write down the set of values of x for which y is an
increasing function. [2]
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7 The diagram shows part of the curve y = — 20, where x > —8. The curve intersects the

_40_
x+8
x-axis and y-axis at P and Q respectively. The tangent to the curve at R is parallel to line PQ.

y
P = e
Q\
(&) Show that the coordinates of point R are (— 4, — 10). [5]
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(b) Given that the point S has coordinates (-2, —5), find the area of the quadrilateral PRQS. [2]

(c) Determine, with reason, whether PRQS is a parallelogram. [3]
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. . 4 38
8 The diagram shows part of the curve 'y = and the line y = — X + 3 The curve

2x —1

intersects the line at the points A and B.

Ya

@)

(@) Find the coordinates of the points A and B. [3]
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(b) Find the area of the shaded region. [4]

(c) Show that the area bounded by the curve, the y-axis and the linesy =2 and y = 6 can be
expressed in the form 15In p + g, where p and q are constants to be determined. [3]
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9 The function fis given by f(x)=x> — x>+ ax —1.
f(x)

It is given that P Q(x)+ xi_ , where Q(x) is a quadratic function.

(a) Explain how you can use Remainder Theorem to show that a = 4. [3]

(b) By using long division, divide f(x) by x? + 1.

f(x) rx
x*+1 x*+1
determined. [2]

Hence, express in the form px 4+ g + , Where p, g and r are constants to be
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(c) Find %ln(x2 +1). [1]

f(x) e 2]

(d) Hence, using your results from part (b) and (c), find/x2+1 :
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10  The equation of a circle, C1, with centre A, is x>+ y> —6x +8y —75=0.

(a) Find the radius of the circle and the coordinates of its centre, A. [4]

(b) A second circle , C,, with centre B, has radius 12 units.

The equation of the perpendicular bisector of AB is y = — %x +5.

Find the equation of the second circle, Co. [5]
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(c) P isa pointon the perpendicular bisector of AB, where P is not the midpoint of A and B.

Explain whether triangle PAB is an isosceles triangle. [1]
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11 (a) Sketch the graph of y =e™* on the given axes. Label any axial intercepts. [1]
4
0 > X

(b) Thecurve y =f(x) issuchthat f'(x)=e>"'+¢e*.
(i) Explain why the curve has no stationary points. [2]

(if) The curve passes through the point (In 4, 8e). Without the use of a calculator, find an
expression for f(x). Show all working clearly. [6]
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12 The diagram shows the graph of y =f'(x).

f’(x)ﬁu

/ 10 0 5\

(@) Write down the range of values of x for which the function f decreases as x increases. [1]

e above function IS given by X)= X — 42X~ — J3KX~ ,Where IS&pOSItIVE
(b) The above function f is given by f (x) = 12k2x — 2x* — 3kx> , where k i it

constant. By solving a suitable inequality, use the answer in part (a) to find the value of
the constant k. [4]

(c) Explain how you can use the above graph of y =f'(x) to determine the value of x for

which f(x) is a maximum value. [1]

END OF PAPER
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ANSWER KEY

1 4 2 1
PR
2@0) | =
3
2(a)(ii) To_ ., 7
2 =SIn xx 2
26 |32
10 5
3() L k<
2
3(b) Since L < k <1, coefficient of x2 =—k < 0.

2

The curve lies entirely below the axis, therefore it is not possible for — kx> —2x + 2p — 3
to
be positive for all x.

@) 8.5—2(36—2)2

2

4(b) Since the maximum value of the rider is 8.5 m and 8.5 < 10, the rider cannot reach a
height of 10 m.

4(c) h=9.7—2(x—2.4)"

5

(b) 1 cm/s

5

5(c) 27 cm/s (or 6.28 cm/s to 3 s.f)

6(a) 1 3
X = 3 or X = 5

6(b) . . 1. : : . : . 3.
Stationary point at x = 5 isa point of inflexion and stationary point at x = - isa

maximum point.

6(c) 3 1
0<x< E,X—T/:E

7(b) 30 units?

7(c) Since mpp =mys and mgy, = mps, (or any other suitable reason)

PRQS is a parallelogram.

8(a) A(2, 10) and B(8, 2)

8(b) 11.9 units?

8(c) 15In3 + 2

9(a) Since the remainder is 3 when f(x) is divided by x — 1,
welet (1) =3
1-1+a-1=3

a =4 (shown)
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9(b) 3x
x—1+ 2—+1
9(c) 2x
x*+1
2
3(d) % —x+ %1n(x2+1)-|—c

10(a) A (3, —4) and radius = 10 units

10b) | (x—9)*+(y—8)> =144

10(c) Since P is equidistant from A and B, i.e. PA=PB, the triangle is isosceles.

11(a) )

3

}}:e_x

l\_

0 =

11(b)(i) | Since e**1>0and e *> 0 for all real values of x,
f'(x) # 0, therefore the curve has no stationary points.

11 2x+1
11(b)(ii) Fx)= e 2* —e”‘-l—%
12(a) x<-10 or x>5
12(b) k=5
12(c) From the graph, f'(x) changes from positive to negative at x =5, therefore f(x) is a
maximum value when x = 5. [1 derivative test]
Or

We look for the point on the graph where f’(x) = 0 and gradient is negative (i.e. f’(X) <0),
therefore f(x) is a maximum value when x =5. [2" derivative test]
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