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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax® +bx+c=0,

_ —b++b*—4ac

2a

X

Binomial expansion

n n n
(a+b)"=a" +(1ja“‘lb+(2]a”‘2b2 +...+(rja”‘rbr +..+b",

nj nt  n(n-r).(n-r+1)

where 7 is a positive integer and = =
r) ri(n-r)! r!

2. TRIGONOMETRY

Identities
sin® A+cos? A=1
sec’ A=1+tan® A
cosec’A=1+cot* A

sin(A+ B) =sin AcosB + cos Asin B
cos(A+B) =cos Acos B=Fsin Asin B
_|_
tan(A+ B) = tan A+ tan B
1Ftan Atan B
sin 2A = 2sin Acos A
cos2A =cos® A—sin® A=2cos* A-1=1-2sin’ A

tan 2A:ﬂ
1-tan“ A

Formulae for AABC
a b ¢
sinA sinB sinC
a?=b%+c?—2bccos A

A= labsinC
2
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1 (i) The equation of a curveis f(x)=

Find f'(x), simplifying your answer as a single fraction. Hence determine the gradient of

the tangent at the point on the curve where x = 0. [5]

(3x +4).; (¢ +1) 2(20) - (¢ +2(3)
(3x+4)°

f1(x) =

X(3x+4) 2
S 3WXE L
VX2 +1

(3x+4)?

_ X(3x+4)-3(x* +1)
X2 +1(3x + 4)>

4x -3

VX2 +1(3x +4)?

When x = 0, gradient of tangent is 40) -3
VJO? +1(3(0) + 4)°
__3
16
(ii) State the value of p. [1]
1
=_1=
P 3
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2 By using a suitable substitution, show that 3e¥** —4 =eY*has only one solution and find its
value correct to 2 significant figures. [5]

3(eﬁ)2 _4=e"

Let y:e&

3y’—y—-4=0

By-4)(y+1)=0
4

yzg or y=-1

N

(9
|

—g or e%=-1 (NA since e¥* > 0)

4
Jx=1In 3 =¥=0083(1025)
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3 The diagram below shows a circle x* +y? =9 and a straight line y=kx+5.
Find the range of values of &. y [5]

A

y=kx+5

v

x2+y2=9

Sub y=kx+5into x*+y*=9

x? +(kx+5)*> =9

x* +k?x* +10kx +25-9=0

x2(1+k?) +10kx +16 =0

Since line cuts the curve at 2 distinct points, b®—4ac>0.
(10k)? —4(1+k?2)(16) > 0

100k* —64 —64k* >0

4(9k? —16) >0

3k +4)(3k—-4)>0

K 4 Kk 4 .
<—§ or >§ -

_4 4
4 3 3
Since k<0, k<—§.

v
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4 (a) Show that diln(sin X +C0S X) = tan (%—xj. [4]
X

d . 1 d .
—In(sin X+ cosX) = —— —(Sin X+ C0S X)
dx sinXx+cosx dx

COS X —Sin X
sin X+ Cos X

COSX SinX

COSX COSX
sinX COSX
74_7

COSX COSX

1-tanx
1+tanx

tan r_ tan x
_ 4

tan z +tan x
4

- tan(z—xj h
= 4 (shown)

(b) Solve tan (%— xj =-3 for 0<x<r. [2]

tan(g_xj:_s
ol
tan[x_gjzs

Basic angle = 1.2490
X—2 =1.2490
4

x=2.03 (to3s.f)
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5() Differentiate 3XCOS 2 X with respect to x. [3]

i3xcoslx=3xi coslx + cosix i(3x)
dx 2 dx 2 2 )dx

3x —lsinlx + coslx 3
2 2 2

3 .1 1
——XSIn=X+3c0s =X
2 2 2

z .1
(ii) Hence, find the exact value of I03 Xsin > X dXx. [4]

d 1 3 .1 1
—3XC0S—X=——XSIN=X+3C0S= X
dx 2 2 2 2

3 .1 1 d 1
—XSIN=X=3C0S=X——3XC0S=X
2 2 dx

1 1 d 1
XSIN=X=2C0S— X——2XC0S— X
2 2  dx

V4

J'E xsinlxdx:I3 Zcoslxdx— 2xcoslx ’
0 ) 2 2",

0
= [4sin£x—2xcos1 XT
2 2

0

4sin E(ZJ—Z[ZJCOSE
2\ 3 3 6

{3)-517)
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6 The figure (not drawn to scale) shows a right-angled triangle ABC constructed between two
parallel lines.

C

A 4

35 cm

\ 4

B

The area of triangle ABC is 210 cm?. AB = 35 cm and makes an acute angle & with one of the
lines.

(i)  Show that the distance between the parallel lines, d = (12cos & +35sin &) cm. [2]

C

D »
%

\ 4

%(350(AC) =210
AC =12cm

cosH:%: AD =12cosé

sinH:E: AE =35sin8
35

d =AD+ AE
=(12cos@+35sinH) cm
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(i)  Express d in the form Rcos(@—a), where R is a constant and « is an angle in
radians. [3]

12cos@+35sin @ =Rcos(0—«a)

R =+/122 +35°
=37

a=tan™ (gj
12

= 1.2405

d =37cos(0—-1.24)

(iii) Find the value of @when d = 28 cm. [2]

37cos(0—1.2405)=28

cos(6—1.2405) = g

Basic angle = 0.71246
0—-1.2405=0.71246 (rejected)

0-1.2405=27—0.71246 - 21
0-1.2405=—0.71246 = 0=0.528 (to 3 5.f)
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9
7 The coefficient of % is 512 in the expansion of (EJF pxzj , Where p <0.
X X

9
(i) By first working out the general term of (E + pxzj , find the value of p.
X

[3]
(2 J
—+ PX
X
_ (rJ(z) (p )X3r -9
For the term in —3, 3r-9=-3
X
r=2
9 7,
) (2) (p*) =512
1
2 —_— —
P9
p :% (rejected since p <0)or p=——
(if) Using the results in (i),
9
(a) show that the coefficient of the first term in the expansion of [E+ pxzj IS
X
also 512. [1]

o (4

First term, =0

9 0
Coeff. of T, = (Oj(z)g (_%J =512 (shown)
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9
(b) find the %term in the expansion of [§+ pxzj : [2]

For ifjterm, 3r-9=-6
X

r=1

9 oaf 1Y 6

T2=[1](2) (‘é) X
_ 168
X6

. .1 - .
(c) explain why the term in —-does not exist in the expansion of
X

2 V(1 1 2)
—+ pX —+—X" . 2
(x P j(8x 12 2]
2 xY(1 x
[ _+_
X 3 8x 12
_[ 512 768 j[l xz)
=t D — || =+ =
X X 8x 12

1 1 1
i — = 512| = |-768| —
Coefficient of = ( 8) ( 12)

=0

o1 L .
Hence the the term in —; does not exist in the expansion of
X

o) (g
—+ px —+—X .
X 8x 12
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8 The diagram below shows the curve y = In (x + 3)* which cuts the y-axis at (0, 4In b) :
The line /1, cuts the y-axis at (0, —2) and meets the curve at (—1, 41In a).

y

A

4Inb

4lna

Q) Find the value of a and of b. [2]

y = In (x + 3)* cuts the y-axis,
4In(0+3)=4Inb
b=3

When x = -1,
4In(-1+3)=4Ina
a=2
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(i) Find the equation of I giving your answer in the form y=(pIng+r)x+s where p,
g rand s are integers. [2]
Gradient of /; is w =—4In2-2
Equation of /1 is Y= (—4In 2—2)X—2
(ifi)  Calculate the area of the shaded region, giving your answer to 3 decimal places.  [6]
y =4In (x +3)
y
et =x+3
M
x=e*-3
Area of shaded region
1 am3( ¥
— _ 4 _
= (4hn 2+2)(1)+{ .. [e 3) dy}
- y 4In3
= 2In2+1—| 4e* —Sy}
L 4In2
4n3 4in2
= 2In2+1—|4e ¢ —3(4In3)—(4e 4+ —3(4In 2)”
= 2In2+1-4(3)+12In3+4(2)-12In2
= 3.252 units? (to 3 d.p.)
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9 Two particles, P and O, each moving in a straight line passes a point, Z, at the same instant.
3 2
The displacement of P, Sp m is given by s, = %—3%+5t where ¢ is the time in seconds

after passing Z.

The particle O passes Z with a velocity of 11 m/s and its acceleration, a, m/s® is given by

ay = 2t —6 where ¢ is the time in seconds after passing Z.

(a) Find the value of t for which the velocities of P and Q are equal. [4]
3 2

Sp =t——3L+5t
3 2

v =% 2 g5
dt

a, =2t-6

Vo = [2t—6dt

= t> -6t +c, where c is an arbitrary constant
When =0, V,=11,c=11

2

Vo =t —-6t+11
Vp =V
t? —3t+5=t>—6t+11
t=6 =r=2
(b) Explain why particle Q will always move in the same direction after passing Z. [2]
Vo =t?—6t+11

= tP-6t+3* -3 +11

= (t-3)°+2

Forall t>0, (t—=3)°>0, (t-3)*+2>2.

Since (t-3)°+2>0, v>0.
QO will always move in the same direction after passing Z.

Alternative method
Vo =t*—6t+11

b? —4ac=(-6)" —4(1)(11) OR
__8<0 Since b? —4ac <0 anda >0, vq is always

t> —6t+11=0 has no real values of ¢ implying that O will not come to instantaneous rest.
Hence O will always move in the same direction after passing Z.
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(c) Determine, with explanation, if there is any instance when particle Q is ahead of
particle P. [4]

so = [t —6t+11dt

3
= %— 3t? +11t +d , where d is an arbitrary constant

When =0, S, =0,d=0

t3
So =——3t* +11t
3

3 3 2
Sq —Sp U [L g
3 3 2

2
—3L+6t
2

_ 3
= St

When Q overtakes P, Sy —Sp >0

v

gt(4—t) >0 +

3
Zt(4-1)>0 S S
2( ) >

O<t<4

Particle Q is ahead of particle P when 0<t<4.

(d) Find the average velocity of particle Q in the first 5 seconds. [2]

3

5
Whent=5, Sy = 5—3(5)2 +11(5)
= 21g m
3
Average velocity of particle Q in the first 5 seconds = 21% +5

= 41 m/s
3
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10  The diagram shows two circles Ci and Ca.

y

A

Ci

(&)

(=8, -0)

C1 has its centre at the origin O while C; passes through O and has its centre at P.
The point O(-8, —6) lies on both circles and OQ is the diameter of Ca.

Q) Find the equations of C; and Ca. [5]

Radius of Ci: OQ = 4/(-8)” + (-6)?

= 10 units

Equation of Cy is X° +Yy® =100,

0+(-8) 0+(-6)
2 2

Coordinates of P =( J = (-4,-3)

Radius of C2: OP = % 20)

= 5 units

Equation of C2is (X+4)* +(y+3)*=25.
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The line through P perpendicular to OQ meets the circle C; at the points R and S.
(i)  Show that the x-coordinates of R and Sare a—b+/3and a+b/3 respectively,

where a and b are integers to be determined. [7]

Gradient of OQ = 6.3

4
. 4
.. gradient of RS= ——

Equation of RSis y+3= —g (x+4)

4 25

=——X——

3 3
4 25

- Ix-=2 1

3X 3 (1)

X’ +y*=10 2)
Sub (1) into (2):

2
X2 +(—%x—2—:j =100

x2+§x2+?x+%—100=0

25 , 200 275
=x*+—x-—=0
9 9 9

x> +8x-11=0

. ~8+./64—4(-11)

2

84643
2

=—4+3/3

x-coordinates of R and S are —4—3«/5 and —4+3«@ respectively where a = —4 and b = 3.
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11 (a) The population P, in millions of a city, recorded in the month of January for various years is

modelled by the equation P =10+at", where ¢ is the time measured in years from January
2002 and a and 7 are constants.

The values are tabulated below.

Year 2005 2012 2017 2022
P 20.4 73.2 126.2 188.9

Q) On the grid opposite, plot Ig(P-10) against Igt for the given data and draw a

straight-line graph to estimate the values of a and n, giving your answers to one
decimal place. [6]

lg(P-10)=Igat"
lg(P-10)=nlgt+Iga

Year 2005 2012 2017 2022
t 3 10 15 20

gt 0.47 1.00 1.18 1.30
Ig(P-10) 1.02 1.80 2.07 2.25

Correct table of values
All points plotted correctly
Best-fit straight line

2.10-1.20

Gradient, n= ——
1.20-0.60

=1.5(to1d.p.)
lga=0.3
a :100.3

=1.9953
=2.0(to1d.p.)

(i) Use your graph to determine the year in which the population reached 100
millions. [2]

P=100

Draw Y =1g90 (1.e. Y=1.95)
Igt=1.11

t=10"" =129

The year which the population reaches 100 millions is 2014.
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(b) The diagram shows part of a straight-line graph, passing through the points (2,h)and (5, 4),

and representing the equations 2x°+kx =3y, where k and / are constants.

Find the value of / and of £. [4]
y—x
X
A
(5,4)
(2, h)
0 &
Gradient = 4;h = 4;h
5-2 3
4—h

Equation of the lineis Y —4 = T( X -5)

_ 4-h
yXX—4: 3 (x2—5)

3(y—x)-12x = (4—h)(x3 —5x)

3y —3x—12x = 4x*> - 20x — hx’ +5hx
3y = (4-h)x> +(5h-5)x

Compare with 3y = 2X° +Kx
4-h=2 = h=2
Sh—5=k= k=5(2)-5=5

End of Paper
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