2020 Sec 4 A Math Prelim Paper 1 - Clementi Town Sec

X

1 Given that /216" = 661_x , find the value of /216" . [4]

2 Given that y = Me® + Ne**, and that % +2y=¢" +e*, find the value of each of the

constants M and N . [4]

. |
3 The variables x and y are related in such a way that when L is plotted against T
x

a straight line is obtained.

It is given that yzg when x =9 and that y=% when x = 21—5

Find the value of y when x=1. * [5]

4  (a) Show that the equation x*+2(p-2)x+(2p—5)=0 has real roots for all real

values of p. 2]
(b) Explain why the quadratic expression x*-3x+5 is always positive. [3]
5 (@) Write down the first three terms in the expansion, in descending powers of x, of
9
(xz +ﬂj , where m is an integer. [1]
x

9
. : my
Given that the coefficient of x° in the expansion of (xz + —J is —126,

X
(ii) show that m=-1. (2]
9
(iii) Hence, find the term independent of x in the expansion of (3 - %)[xz + E) . [4]
X x
6 (i) Showthat 4cos” x—2sin’x=3cos2x+]. [2]
Hence,
(ii) State the period and amplitude of 4cos® x—2sin’ x, [2]
(iii) Sketch the graph of y=4cos’ x—2sin’x for 0<x<2x. [3]
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7 (a) The roots of the quadratic equation 7x*>+5x—4=0 are aand /3

1
Find the quadratic equation whose roots are 1 and — [5]

a} ﬂ3 )

(b) Show that the quadratic equation 2mx” + (8 —4m)x +m+1=0 has real roots

for m=9. [3]

8 Water is poured, at a constant rate of 36 cm?/s, into a hemispherical container of radius
9 cm.

When the depth of water is x cm, the volume, V cm’, of water in the container is given by
1
V= gﬂx2(54-x).

(i) Show that the time taken for the depth of water to reach Scmis 11.3 s. [3]

(ii) Find the rate of change of the depth of water at 11.3 s. (4]

9  (a) Express log (4B) intermsof p and ¢, given that

B
p=log A°B and ¢g= logc(A: ) : [4]

7 (—m A cuboid box has a squaré base of length (3 + ?_ﬁ) c¢m and its volume is
(1 50+ 87\/5)(:1'113, find, in the form p+ q\/g, where p and ¢ are integers,

(i) the height of the cuboid, (3]
(ii) the total length of its twelve edges. [1]
) 2 —_—
10 A curve is such that b vaz .
(x + 2)"

(i) Given that the curve passes through the point (0, 3), find the equation of the curve. [3]

(i) Find the x -coordinate of each of the stationary points of the curve. [2]

5

. d : :
(iii) Obtain an expression for 3 2 and hence or otherwise, determine the nature of each

2
X

stationary point. [3]
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. d x 1
11 — —
(i) Show that {ln(zxﬂﬂ ) [3]

2 4x7 +3
x+x+1dx. (5]

(ii) Hence, evaluate I GriD
x(2x+

12 A particle travels along a straight line such that ¢ is the time after passing through a

fixed point O with velocity of vms™ givenby v= % :
+
(i) Find the initial velocity of the particle. [1]
(i) Find the acceleration of the particle when it comes instantaneously at rest. [4]
(iii) Find the displacement of the particle from O in terms of ¢. [3]
(iv)  Describe the motion of the particle for the first second from t=0to 7=1. [1]

Downloaded from SingaKids.com



2020 Sec 4 A Math Prelim Paper 2
Clementi Town Sec

A circle has the equation x* +y* +4x—8y =80.

(i)  Find the coordinates of the centre of the circle and the radius of the circle. [3]

(i) Find the equation of the tangent to the circle at the point P(4,12). [3]
3,2 _

Express dx ¥ +37x-65 in partial fractions. [6]

(x* +9)(2x-1)

A chicken is stored in a freezer at a temperature of —18 °C. The chicken is removed
from the freezer and left out to thaw. The temperature, T °C, of the chicken after it was

removed from the freezer is given by the formula, 7 =22 — 4e™®, where ¢ is the time

1

in hours after the chicken was removed from the freezer, and 4 and & are constants.
(i) Explainwhy 4=40. [1]
The temperature of the chicken was 0 °C after 4 hours.

(i)  Show that the value of k, correct to 3 significant figures, is 0.149. [2]

(iii)  The temperature range of between 5 °C to 60 °C is known as the Temperature
Danger Zone, where food poisoning bacteria can grow to unsafe levels. If the
chicken was removed from the freezer at 06 00, find the latest time, to the nearest
minute, before the temperature of the chicken enters the Temperature Danger
Zone. (3]
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(iv) Explain why the temperature of the chicken can never reach 22 °C . [1]

3x -1

Jox -1 ’

. 1
A curve has the equation y = where x > .

(i)  Express & in the form ——2%__  where a is a constant. [4]
dx (6x -1y’

2 27x
(ii) Evaluate —_—dx. (3]
Ny
The function f(x)=x’ +ax? +b, where g and b are constants, has a factor of x—3
and leaves a remainder of —30 when divided by (x+2).
(i)  Find the value of ¢ and 5. [4]
(ii) Determine, showing all necessary workings, the number of real roots of the
equation f(x)=0. [4)
Solve the equation
() 4+log,(x+2)=2log, (4x—1), [5]
6
i e =—+1
(ii) o 4]
ym
1
i |
X m xmy
l !
1 1
A gardener uses 100 m of fencing to enclose a plot of land with the shape shown above.
The shape consists of two isosceles right angled triangles of base and height x m and a
rectangle with sides x m and y m.
(i) Show that the area of the plot is 50x — +/2x> m?. (4]
(i)  Given that x can vary, find the value of x for which the area of the plot is
stationary. (3]
(iii) Explain why this value of x gives the gardener the largest area possible, and state
the area of the plot corresponding to this value of x. (3]
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8  Solutions to this question by accurate drawing will not be accepted.

y==2x+2

C(2,a)

The diagram show a parallelogram ABCD in which the point B is (6, 0) and C is (2, a) .

The line with the equation y =—2x + 2 is the perpendicular bisector of 4B, and
intersects 48 at point M.

(i) Show that a = 3. [3]
(i) Show that the coordinates of A is (= 2, — 4) and find the coordinates of D. (6]
(iii) Calculate the area of parallelogram ABCD. [2]
(i) Si‘lOW that sinxcosx(4 —tanx—cotx)=2sin2x—1. [4]
(if)  Find, in terms of 7, the value of L )% sin xcos x(4 —tanx —cot x) dx. [5]

(iif) Find all the angles between 0° and 360° which satisfy the equation
stnxcosx(4—tanx—cotx) =0.5. (3]
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10

The diagram shows part of the curve y =+/3x+4 , meeting the x-axis at point A and
the line x =4 at point C. The normal to the curve at C meets the x-axis at point B. Find

(i)  the coordinates of B, [6]
tii)  the area of the shaded region. - [6]
11 s
T
Scm
10 cm
, G s
P 9] R

The diagram shows 3 fixed points @, § and 7 such that Q7= 10cm and O0S=15cm
and angle SO7 =90°. The lines PT and SR are perpendicular to PR and

angle RQOS = 6°. The length PR is denoted by L cm.

(iy Showthat L=10sinfd+15cosé. [3]
(ii)  Express L in the form Rsin(@ + cr), where R >0 and 0°<a <90°. [3]
(iii)  Find the value of 6 for which [ =13. [4]

(iv)  State the maximum value of [, and the corresponding value of 6.

(2]
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Clementi Town Secondary School
Prelim Examination 2020

Secondary 4 Express / 5 Normal Academic

1
Additional Mathematics / Paper 1

Solution
Qn Solution
1 x
V216" = 661-.\-
3
6Ex — 6,\’—(1—.\‘)
3
—x=x—-1+x
2
lzlx
2
x=2
\216° =4/2167
=216
2 y=Me" + Ne™

Q = Me* —5Ne™
dx

d _
S ody=ere™
dx

d
—y:ex+e_sx~2y

=e e —Z(Mex +Ne'5")

Me* —5Ne™ =e" +e>* ~2Me* —2Ne ™
3Me* —3Ne™ =¢" +e*

3M =1
M=1
3
-3N =1
1

When y:% , X=9

) 1 1
Subinto — = m(—j+c
y \x

gl

5
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2
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m
=—+c¢

3
5-3¢ (1)

I wlw

G s
4 25
4=5m+c —(2)

Sub (1) into (2)
4:5(5—3c)+c
4=25-15¢c+c
14¢ =21

when x=1,

l_l[i}é
vy 2\ 2
1

yzz

The equation is 1 :l
y 2

(#)
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4a

x’ +2(p—2)x+(2p—5)20
Discriminant

=(2(p=2)) ~4(1)(2p~5)
=4(p’—4p+4)-8p+20
=4p’ -16p+16-8p+20
=4p>-24p+36

=4(p-3)

=[2(p-3)]

Since [2(;9—3)]2 >0, hence the egn has real
roots for all real values of p.

4b

Since coefficient of x* >0,

Shape of graph is \/

Discriminant

=(-3)" =4(1)(5)

=9-20

=-11<0

Hence, it has no real roots.

Therefore, x* —3x+5is always above the x — axis

= x*=3x+5 is always positive.

Alternative Solution
Since coefficient of x* >0,

Shape of graph is \\/

Let y=x"-3x+5
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Since min of yis %

- x7 =3x+5 is always positive.

5i

] e (e

=x" +9mx" +36m*x"? +....

5ii

9
For (xz +ﬂj , general term is (r + 1)"" term
X

- ()T )

r

<[ ek

=" |(m) (le" )

18-3r=3
r=>5

9 5
S—126=|  |m
5

—126=126m"

Siii

9
For [xz +ﬂj , the term independent of x:
X

18=3r=20

(° 6 =84(-1)°=84
..6m— (-1)"=
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5
Additional Mathematics / Paper 1

9
For (3—%}()& +EJ , the term independent of x:

X X

(3—%)(....—126)8 +84+..)
X

=3x84+126
=378

Gi

4cos’ x—2sin” x =3cos2x+1
LHS

4cos’ x—2sin” x

= 2(2 cos’ x)—(2sin2 x)
=2(cos2x+1)—(1—cos2x)
=2cos2x+2—1+4+cos2x

=3cos2x+1
=RHS

Alternative
RHS
3cos2x+1

:3(0052 x—sin’ x)+1

=3cos’ x—3sin’ x+1

=3cos’ x —3sin’ er(sin2x+cos2 x)
=4cos’ x—2sin’ x

=LHS

Gii

Amplitude = 3
Period = 180°

Giii

[See last page]

7a

7> +5x—4=0
5
a+f=-=
p 7

—4
aff =—
p 7

Sum of new roots:
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L.
S
(aB)
_(a+p)(a’ +f32 ~af)
(aB)
) (a+B)((a+p) -3ap)
: (aB)

545
64

Product of new roots:

64

Hence, the new equation is :
343

x° —(ﬁjx—— =0 or
64 64

64x” —545x—343=0

Downloaded from SingaKids.com



Clementi Town Secondary School
Prelim Examination 2020 Secondary 4 Express / 5 Normal Academic

7
Additional Mathematics / Paper 1

7b

For 2mx* + (8 —4m)x+m+1=0 to have real roots,

b* —4ac>0

(8—4m)’ —4(2m)(m+1)>0
64 —64m+16m*> —8m* —8m >0
8m’ —72m+64>0

m’ —9m+8>0
(m—8)(m—1)=0

m<l or m=>8

Since 2mx” + (8 —4m)x+m+1=0 has real roots

when
m=8,
Then, it will also have real roots when m>9.

8i

V:%ﬁxz (54—x)

When x =5,
VZ%?Z’(S)Z(54—5)

=1282.817

367 cm’=>1s
1 cm3—>L s
Y4
1282.817 cm’—>11.3426s

= 11.3s (3 s.f.) (Shown)

8ii

V =187x" —%ﬂf

d—V =367x—x’

d—V =367
ds

v dv_dv
dv dr dr
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(3672(5)—7[(5)2)><21ﬂ =361

t

2_ 36r
dr 1557

36

= ——cm/s

155

%a

p=log A'B
p=3log, A+log, B
p—3log  A=log B

=lo B
q =108, Ve
qg=log, B-2log A

qg+2log, A=log B

p—3log. A=q+2log_A
Slog. A=p—q

log’: A :M

logCB=p—3[%j

S5p—3p+3¢q
5
2p+3q

log B =

log,. B=

p_P—4 2p+3q
5 5
3p+2¢q

s log, 4

log. AB =

9bi

.-.(3+2J§)2:21+12J§

Height — 150+87+/3
2141243
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:50+29J§
7+43

(50+2943)(7-443)

- (7+43)(7-443)

_350-200~/3 +203+/3 -348

49 -48
=(2+3J§) cm
Obii (b) the total length of edges
=8(3+2J§)+4(2+3J§)
—24+16/3+8+124/3
:(32+2&/§) cm
10i dy _x*+4x-2
dx (x+2)2
2
:ILx_zzdx
(x+2)
6
=[1- dx
4 I (x+2)2

x+2
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10ii d
When & 0,
dx
X +4x-2 0
—2 =
(x + 2)
X +4x-2=0
x=-445 or x=0.449
(3 Sig Fig)
10ii &y
de

(2x+4)(x+2)" —(x" +4x-2)(2)(x+2)
()c+2)4

2(x+2)(x" +4x+4-x" —4x+2)
(x+2)4

:12(x+2)
(x+2)4

_ 12
(x+2)3

When
x =—4.4494897

2
jxf =-0.816<0 (Max Point)

x =0.4494897

9 _0816>0 (Min Point)
dr
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11i

4oz

= 4 [Inx —In(2x +1)]
dx
1 2

x 2x+1
1

T X2xt D)

11ii

2 4x° +3x+1

[PA e,
Lo x(2x+1)
24x% 4+ 2x 1 X

= + + dx
Fx(2x+1)  x(2x+1) x(2x+1)

2 1 1
:J' 2+ + x
! x(2x+1) 2x+1

=[2x+In| —2
2x+1

J + % In(2x +1)];

:(4+lnz+lln5)—(2+lnl+lln3)
5 2 3 2

=2.44 (to3sf)

12i

When t=0
30)-2_ 2
(O)+3 3

V=

12ii

~3t=2
t+3

(3)(e+3)-(3-2)(1)
(t+3)2
3493142
O (1+3)
11
(t+3)2

1%

a=
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3tr-2
t+3

0=

When instantaneously at rest, v =0

12iii S

Sub r=0, s=0
sc=11In3

=3r—11In(t+3)+c

S=3—11In(¢+3)+11In3

12iv

The particle travels from fixed point O at t =0 and
. 2 :
comes instantaneously at rest at ¢ = 3 s where it

changes direction and heads toward O.
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6iii)

t-a

ra

B1; shape
B1; max

B1; min
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Qn
1(3i)

1(ii)

2020 4EN5 Add Math Prelims P2 Solutions

Ans

X+ +4x-8y-80=0
2g=4

g=2

2f=-8

f=4

c=-80

Centre = (—2,4)
Radius = /(2)* + (—4)* — (~80)
=10 units

Alternative method:

x* 4y’ +4x -8y =80

(x> +4x)+(y* —8y)=80
(x+2)° +(y—4) =80+2% +4°
(x+2) +(y-4)* =100

Centre = (-2,4)

Radius = 10 units

Let centre be C

Gradient of CP = 12-4
4—(-2)
_4
3

L

5

3

4

Gradient of tangent at P = —

Equation of tangent to the circle at P:

(y43=—%@—®

3
=——x+15
Y 4
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2 (X’ +9)2x-1)=2x —x* +18x-9

2

25 — x2 +18x—9> 4x° —x* +37x—65
—(4x’ —2x* +36x—18)

X +x —47

x> +x—47 _Ax+B+ C
(X +9H2x-1) x*+9 2x-1

Multiply throughout by (x* +9)(2x —1)
X +x—47=(Ax+B)2x -1+ C(x* +9)

Substitute x = %

X +x—47=(Ax+B)2x-1)=5(x" +9)
Substitute x =0

—47=-B-45

B=2

x4+ x—47=(Ax+2)2x-1)=5(x*+9)
Substitute x =1

—45=4+2-50

A=3

(Note: Students may alternatively use comparing coefficient method or a mixture

of both.)

4x° —x* +37x-65 _2+3x+2_ 5
(x* +9)(2x-1) x> +9 2x-1
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3(i)

3(ii)

3(ii)

3(iv)

When ¢ =0, the temperature of the chicken 7 =—18
Therefore,

18 =22 A4¢’

-4 =-40

A=40

T =22—40e™"
Substitute 7 =0 and 1 =4 into 7 =22 —40e
0=22—-40e*
40 =22
o = 22
40

4 = ln[ﬂj
20
In (;l)j
k=—"~2-
—4
k =0.149459

k =0.149 (shown)

Substitute 7 =5 into T =22 —40e "

5=22—-40e""
40670149[ — 17
670.149t — E

40

—0.149¢ = In (1—7j
40

t=15.7427
t = 5 hours 44.6 minutes
t = 5 hours 44 minutes

Latest time before the temp of the chicken enters TDZ =11 44

T =22-40e'"
e—0.149r >0
_406—04149t < O

22 —40e7 " <22
T<22

For all values of ¢, T will always be less than 22. As such, the temperature of the

chicken can never reach 22 °C.
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4(i) 3x-1

B Vox—1

dy

dx 1)’
[(6)6 —1)? J

365 1) — G —1)@(6)(6% %

dx 6x—1

i (6x—1)2 d(i(3x—l)—(3x—l)§x(6x—1)2

33x-1)
3ox—1-—"—2
dy _ Jox—1

dx 6x—1

3(6x—1) - 3(3x—1)

d_y: Jox—1
dx 6x—1

Q_le—3—9x+3

dx (6x—1)
d__ 9
dx (6x—1)3

4(ii) 2 27
11 J-z \/ﬁ dx
12 9x
=3 ———dx
L /(6)6 . 1)3

[ 3x-1 1"
3 }
2

| vVox —1

4 809-1 31
J6(12)-1  J6(2) 1

=7.94
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5(i)

5(ii)

By factor theorem,
f(3)=0

3 +a(3)’ +b=0
9a +b=-27———(1)

By remainder theorem,
f(-2)=0

(-2)’ +a(-2)> +b=-30
da+b=-22-——(2)

(H)-(@2)
Sa=-5
a=-1

Sub. a =—1 into (2)

—4+b=-22
b=-18
X +2x+6
x—3> X —x -18
—(x =3x%)
2x° -18
- (2x* —6x)
6x —18
— (6x —18)
0
X —x*—18=0

(x=3)(X* +2x+6)=0
[M1: by long division, synthetic division, or comparing coefficient]

x=3 or X +2x+6=0
For x> +2x+6=0

Discriminant b° —4ac

=(2)* —4(1)(6)

=-20<0

Since b* —4ac < 0, there are no real roots for x> +2x+6=0.
Therefore, f(x) =0 only has one real root.
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(i) 4 +log,(x+2)=2log,(4x-1)
4+log, (x +2) = log, (4x —1)*
log, 3* +log, (x +2) = log, (4x - 1)’
log, 81(x +2) = log, (4x—1)’
81(x+2)=(4x 1)’
81x+162 =16x> —8x+1

16x> —89x—161=0

(16x+23)(x—-7)=0
23
x=7 or x=——/(rej
16( ),

6(i) e = i\ +1

e
e +e' —6=0
Substitute u = e*
w+u—-6=0
(u+3)u-2)=0

u=2 or u=-3(re))
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7(i) By Pythagoras Theorem,
Diagonal of trapezium = v/ x* + x°

=~/2x°

2y +2x+242x* =100
y:50—x—\/§x

Area of plot

1
:2x5xxxx+yxx
= x? +(50—x—\/§x)><x
=x>+50x—x* —\/Exz
= 50x —/2x* m? (shown)

T(i)  Let 4=50x—+2x

d4

2 _50-22x
dx

“_,

dx
50—22x =0
x=17.7

7(i)  d°4
— = 242 <0

2

Since < 0, by the second derivative test, the area is maximum when

2

x=17.7.

Sub. x =17.7 into 4 = 50x —/2x>
A=350(17.678) —\[2(17.678)’
A=442 m’
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8(i)

8(ii)

Gradient of perpendicular bisector of 4B and CD = -2

Gradient of CD = _LZ

1
2
OR

Gradient of CD = Gradient of AB
_0-(H)
S 6—(-2)
1

2

Eqn of CD: y=%x+2

Sub.y=a,x=2

1
a=5(2)+2
a=3
Eqn of AB:

1

y—0=5(x—(6))

1
y:Ex—?)

*No M1 awarded if student used A4 to find gradient of 4B

Sub. y=%x—3 intoy=-2x+2
1

—2x+2=—x-3
2

x=2

Sub. x=2 intoy=-2x+2
y==2

M=2,-2)

Let the coordinates of 4 be (x, )

x+6:2
2

x=-2
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A=(=2,-4)
D=(-6,—1)

8(iii)  Area of parallelogram 4ABCD

12 6 2 6 2
“2/4 0 3 -1 4
= 40 units’

9@) LHS

= sin x cos x(4 — tan x — cot x)

) sinx COSXx
=sinxcosx| 4 —

cosx sinx

= 4sinxcos x —sin’ x —cos” x
=2(2sin xcosx) — (sin” x + cos’ x)
= 2sin2x — (sin” x + cos” x)
=2sin2x—1

=RHS

9(ii) L
J.O(’ sin x cos x(4 —tan x — cot x) dx

:_[f2sin2x—1 dx

T

=[-cos2x - x]og

:(—umZ(%j—%j—(—amZ@)—O)
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9(iii) sinxcosx(4—tanx—cotx)=0.5
2sin2x—-1=0.5
sin2x =0.75
a =sin"'(0.75)
a =58.0°
0° < x <360°
0° < 2x <720°
Since sin2x is positive, 2x is in either the 1st or 2nd quadrant.
2x=58.0° or 180°-58.0° or 360°+58.0° or 360°+180°-58.0°
2x=58.0° or 122.0° or 418.0° or 482.0°

x=29.0° or 61.0° or 209.0° or 241.0°
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10()  Sub. x=4into y=+3x+4

v=4
=44

1
y:(3x+4)5
dy 1 L
—=—03x+4) °(3
o 2(X ) 2(3)
&3
dx 23x+4

. dy 3
Sub.x=4 into — = ———

243x+4

v __ 3
dx|,, 2J3(4)+4
dp 3
dx| _, 8

Gradient of the normal to the curve at C= —g

Equation of normal to the curve at C:
y-d=-S0-4)

_ 8.4
YET3

Sub. y = 0 into y:—§x+%
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10(ii)

Sub. y=0into y =+3x+4
4

Xx=-=

3

(0

Area bounded by the curve y =+/3x+4, x axis and x =4

1
= [{Gxr4)de
3

4
3

_ (3x +4)?
3
(2j6) P

3 4
2(3x +4)?
9

; 2(3(_ij+4f
126+ | 3

- 9 9

128 .,
= —— units
9

Area of triangle bounded by BC, x axis and x = 4

1 11
:5(‘”(7“@

= 3 units’
Shaded area

1285

155 .,
=—— units
9
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11(i)

11(ii)

11(iii)

ZPOT =180°-90°-6°
=90°-¢°
ZOTP =06°
sin ZQTP = P—Q
oT
PQ

sinf =—=
10

PO =10sin @
cos@ = Or
oS
cosd =%
OR =15cos @
L=PO+OR
L =10sin@+15cos& (shown)

Let 10sin8+15cos @ = Rsin(6 + )

10sin@ +15cosf = Rsin@cosa + Rcosdsin o

Rcosa =10---(1)
Rsina =15---(2)
(2)+D

15
tano = —
10

a =tan™ 3
2

a =56.310°
Sub. @ =56.310° into (2)
Rsin56.310° =15
B 15
sin56.310°

R =18.028
L =18.0sin(# + 56.3°)

18.028sin(@ + 56.310) =13
0° < 0 <90°
56.310°< @ +56.310<146.310°

Sin(0 +56.310) = —>—
18.028

o =sin”' 13
18.028

o =46.146°

0 +56.310 is in the 1st or 2nd quadrant
6 +56.310 =180°—-46.146°

0="77.5°
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11(iv)

Maximum value of L = 18.0
Corresponding value of &
=90°-56.3°

=33.7°
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